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A
1-CONNECTED COMPONENTS OF SCHEMES
CHETAN BALWE, AMIT HOGADI, AND ANAND SAWANT
Abstract. A conjecture of Morel asserts that the sheaf piA
1
0 pX q of A
1-
connected components of a simplicial sheaf X is A1-invariant. A conjecture
of Asok and Morel asserts that the sheaves of A1-connected components of
smooth schemes over a field coincide with the sheaves of their A1-chain-
connected components. Another conjecture of Asok and Morel states that
the sheaf of A1-connected components is a birational invariant of smooth
proper schemes. In this article, we exhibit examples of schemes for which
conjectures of Asok-Morel fail to hold and whose Sing˚ is not A
1-local. We
also give equivalent conditions for Morel’s conjecture to hold and obtain an
explicit conjectural description of piA
1
0 pX q. A method suggested by these
results is then used to prove Morel’s conjecture for non-uniruled surfaces
over a field.
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1. Introduction
A
1-homotopy theory, developed by Morel and Voevodsky [8] in the 1990’s,
is a homotopy theory for schemes in which the affine line A1 plays the role of
the unit interval in usual homotopy theory. In the last few years, Morel has de-
veloped A1-algebraic topology over a perfect field [7] and obtained analogues of
many important theorems in classical algebraic topology in the A1-homotopic
realm. In A1-homotopy theory, one needs to suitably enlarge the category of
smooth schemes over a field in order to be able to perform various categori-
cal constructions. For various technical reasons, in A1-homotopy theory, one
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enlarges the category of smooth schemes over a field to the category of sim-
plicial presheaves/sheaves of sets over the site of smooth schemes over a field
with the Nisnevich topology. By inverting A1-weak equivalences, one obtains
the A1-homotopy category, defined in [8] by Morel-Voevodsky. Analogous to
algebraic topology, given a simplicial presheaf/sheaf X , one then studies the
A
1-homotopy sheaves piA
1
0 pX q and pi
A1
i pX , xq, where i ě 1 and x P X pSpec kq is
a basepoint. Throughout this paper, we will work over a perfect base field k
and denote the unpointed A1-homotopy category by Hpkq.
A sheaf of sets F on the Nisnevich site Sm{k of smooth schemes over k is
said to be A1-invariant if the projection map U ˆ A1 Ñ U induces a bijection
FpUq Ñ FpU ˆ A1q, for all smooth schemes U . Morel has proved the A1-
invariance of the higher A1-homotopy sheaves of groups piA
1
i pX , xq, for i ě 1,
for any simplicial sheaf of sets X over smooth schemes over a perfect field k (see
[7, Theorem 6.1 and Corollary 6.2]). Morel has conjectured that the sheaf of A1-
connected components piA
1
0 pX q of a simplicial sheaf X is A
1-invariant. Morel’s
conjecture has been proved for motivic H-groups and homogeneous spaces for
motivic H-groups by Choudhury in [3]. Any scheme X over k can be viewed
as an object of the A1-homotopy category by means of the Nisnevich sheaf on
Sm{k given by the functor of points of X. The A1-invariance of piA
1
0 pXq is
easily seen to hold when X is a scheme of dimension ď 1 or an A1-rigid scheme
(for example, an abelian variety; see Definition 4.7) or an A1-connected scheme
(such as the affine line A1). It is also known to hold for smooth toric varieties
(see Wendt [10, Lemma 4.2 and Lemma 4.4]). We now briefly describe the main
results of this paper.
Theorem 1 (Theorem 2.13, Corollary 2.18). If F is a Nisnevich sheaf of sets
on Sm{k, considered as a simplicially constant sheaf in △opShpSm{kq. Let
SpFq denote the sheaf of A1-chain connected components of F (see Definition
2.9). Then the sheaf LpFq :“ limÝÑ
n
SnpFq is A1-invariant. Furthermore, if
Morel’s conjecture (Conjecture 2.5) is true, then the canonical map
piA
1
0 pFq Ñ LpFq
is an isomorphism.
The sheaf SpXq (referred to as pich0 pXq by Asok and Morel) of A
1-chain-
connected components of a smooth scheme X over a field k has been studied
in the work of Asok and Morel [1], where they provide explicit connections
between the notions of A1-connectedness and chain-connectedness and various
rationality and near-rationality properties of the scheme X. They have con-
jectured that the canonical map pich0 pXq Ñ pi
A1
0 pXq is an isomorphism, for all
smooth schemes X (see [1, Conjecture 2.2.8]). In support of this, they have
shown that for a proper scheme X, the sections of the two sheaves pich0 pXq and
piA
1
0 pXq agree over all finitely generated, separable field extensions of k. This
is proved in [1, Theorem 2.4.3 and Section 6] by constructing another sheaf
pibA
1
0 pXq of birational A
1-connected components of X and by showing that its
sections over finitely generated separable field extensions of k are the same as
those of pich0 pXq. Asok and Morel have also conjectured that the natural map
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piA
1
0 pXq Ñ pi
bA1
0 pXq is an isomorphism, for all proper schemes X of finite type
over a field (see [1, Conjecture 6.2.7]).
We obtain a refinement of the result of Asok and Morel [1, Theorem 2.4.3]
about sections of piA
1
0 pXq over field extensions of k using a method suggested by
Theorem 1. Our proof gives the result of Asok and Morel by a direct geometric
argument and completely avoids the use of pibA
1
0 pXq.
Theorem 2 (Theorem 3.9, Corollary 3.10). Let X be a proper scheme over k
and let L be a finitely generated field extension of k. For every positive inte-
ger n, we have SpXqpSpecLq “ SnpXqpSpecLq. Consequently, the canonical
epimorphism SpXqpSpecLq Ñ piA
1
0 pXqpSpecLq is an isomorphism.
Theorem 1 suggests that the conjectures of Morel and of Asok-Morel could be
proved for a scheme X if we prove that SpXq “ S2pXq. This observation allows
one to bring in geometric methods to study this question. In this paper, we have
taken this approach to prove the conjectures of Morel and of Asok-Morel for
(possibly singular) proper non-uniruled surfaces (see Theorem 3.14). However,
we also present an example of a smooth, proper variety X (of dimension ą
2, over C) for which SpXq ‰ S2pXq. For this variety X, we show that the
morphism SpXq Ñ piA
1
0 pXq is not an isomorphism (disproving the conjecture
of Asok-Morel [1, Conjecture 2.2.8]). We also show that Sing˚pXq is not A
1-
local, thus answering a question raised in [1, Remark 2.2.9]. We also exhibit an
example of a smooth proper scheme X (Example 4.8) for which the conjecture
by Asok-Morel about the birationality of piA
1
0 pXq fails to hold.
Section 2 begins with some preliminaries and generalities on A1-homotopy
theory. We then give a proof of Theorem 1 and obtain equivalent characteri-
zations of Morel’s conjecture about A1-invariance of piA
1
0 of a simplicial sheaf
and an explicit conjectural description of piA
1
0 pX q. In Section 3, we study the
sheaves of A1-connected and chain-connected components of a scheme and give
a proof of Theorem 2 and prove the conjectures of Morel and of Asok-Morel for
non-uniruled surfaces. Finally, in Section 4, we give an examples of schemes
X for which the conjectures of Asok-Morel about birationality of piA
1
0 pXq and
equivalence of A1-connected and chain-connected components fail to hold.
2. A1-connected components of a simplicial sheaf
2.1. Basic definitions and generalities. We will always work over a base
field k. Let Sm{k denote the category of smooth finite type schemes over k
with Nisnevich topology. We let ∆oppPShpSm{kqq (resp. ∆oppShpSm{kqq)
denote the category of simplicial presheaves (resp. sheaves) of sets on Sm{k.
All presheaves or sheaves will also be considered as constant simplicial objects.
There is an adjunction
∆oppPShpSm{kqq
aNis
Õ
i
∆oppShpSm{kqq,
where i denotes the inclusion and aNis denotes the Nisnevich sheafification.
Both the categories have a model category structure, called the Nisnevich local
model structure (see [8] and [5, Appendix B]), where weak equivalences are
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local (stalkwise) weak equivalences and cofibrations are monomorphisms. The
corresponding homotopy category of ∆oppShpSm{kqq is called the simplicial
homotopy category and is denoted by Hspkq. Moreover, the above adjunction
is a Quillen equivalence.
The left Bousfield localization of this model structure on △opPShpSm{kq
with respect to the collection of projection maps X ˆA1 Ñ X is called the A1-
model structure. The resulting homotopy category is called the A1-homotopy
category and is denoted by Hpkq.
There exists an A1-fibrant replacement functor
LA1 : ∆
oppPShpSm{kqq Ñ ∆oppPShpSm{kqq
such that for any space X , the object LA1pX q is an A
1-fibrant object. Moreover,
there exists a canonical morphism X Ñ LA1pX q which is an A
1-weak equiva-
lence. A simplicial sheaf on Sm{k is A1-fibrant if and only if it is simplicially
fibrant (that is, fibrant in the Nisnevich local model structure) and A1-local ([8,
§2, Proposition 3.19]). See [8, §2, Theorem 1.66 and p. 107] for the definition
of the A1-fibrant replacement functor and more details.
With the above notation, it is easy to see that i preserves fibrations, A1-
fibrations and A1-local objects, and aNis preserves cofibrations and A
1-weak
equivalences.
Definition 2.1. For any simplicial presheaf (or a sheaf) X on Sm{k, we define
pis0pX q to be the Nisnevich sheafification of the presheaf of sets pi0pX q given by
pi0pX qpUq :“ HomHspkqpU,X q.
Notation 2.2. If we have two sets R,S with maps f, g : R Ñ S, we denote
by
S
gRf
, the quotient of S by the equivalence relation generated by declaring
fptq „ gptq for all t P R. In this notation, for any simplicial presheaf X ,
pi0pX qpUq “
X0pUq
d0X1pUqd1
,
where d0, d1 : X1pUq Ñ X0pUq are the face maps in the simplicial set X‚pUq.
Definition 2.3. The sheaf of A1-connected components of a simplicial sheaf
X P ∆oppShpSm{kqq is defined to be
piA
1
0 pX q :“ pi
s
0pLA1pX qq.
In other words, for X P ∆oppShpSm{kqq, piA
1
0 pX q is the sheafification of the
presheaf
U P Sm{k ÞÑ HomHpkqpU,X q.
Definition 2.4. A presheaf F of sets on Sm{k is said to be A1-invariant if for
every U , the map FpUq Ñ FpU ˆA1q induced by the projection U ˆA1 Ñ U ,
is a bijection.
It is easy to see that the presheaf
U ÞÑ pi0pLA1pX qpUqq
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is A1-invariant. A conjecture of Morel (see [7, 1.12]) asserts that its Nisnevich
sheafification piA
1
0 pX q remains A
1-invariant.
Conjecture 2.5 (Morel). For any simplicial sheaf X , piA
1
0 pX q is A
1-invariant.
The following example shows that sheafification in Nisnevich topology can
destroy A1-invariance of a presheaf, in general.
Example 2.6. Consider the presheaf F on Sm{k whose sections FpUq are
defined to be the set of k-morphisms from U Ñ A1k which factor through a
proper open subset of A1k. One can observe that F is A
1-invariant, but its
Nisnevich sheafification, which is the sheaf represented by A1k, is clearly not
A
1-invariant.
In [3, Theorem 4.18], Morel’s conjecture was proved in the special case when
X is a motivic H-group or a homogeneous space for a motivic H-group. As
observed in [3], such simplicial sheaves X have a special property - for U Ă Y ,
an inclusion of dense open subscheme, pis0pX qpY q Ñ pi
s
0pX qpUq is injective (see
[3, Corollary 4.17]). Unfortunately, this injectivity property fails for general
simplicial sheaves X , as shown by the following example.
Example 2.7. Let U be a non-empty proper subscheme of an abelian variety A
over k. Let X be the non-separated scheme obtained by gluing two copies of A
along U . Let X continue to denote the corresponding constant simplicial sheaf
in ∆oppShpSm{kqq. Clearly, XpAq Ñ XpUq is not injective. However, one can
verify that the sheaf represented by X is A1-invariant and hence, X “ piA
1
0 pXq.
For any simplicial sheaf X , it is easy to see from the definitions that the sheaf
piA
1
0 pX q has the following universal property.
Lemma 2.8. Let X P ∆oppShpSm{kqq be a simplicial sheaf and F be an A1-
invariant sheaf of sets on Sm{k. Then any morphism X Ñ F factors uniquely
through the canonical morphism X Ñ piA
1
0 pX q.
Proof. We have a commutative diagram
X

// F

LA1pX q // LA1pFq.
Since F is A1-invariant, the map F Ñ LA1pFq is an isomorphism. Hence, the
map X Ñ F factors through LA1pX q. The map LA1pX q Ñ F factors through
piA
1
0 pX q “ pi
s
0pLA1pX qq since F is of simplicial dimension 0. 
We now recall the construction of the functor Sing˚ as given in [8, p. 87].
Let ∆‚ denote the cosimplicial sheaf where
∆n “ Spec
ˆ
krx0, ..., xns
p
ř
i xi “ 1q
˙
with obvious coface and codegeneracy maps motivated from those on topological
simplices. For any simplicial presheaf (or a sheaf) X , define Sing˚pX q to be
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the diagonal of the bisimplicial presheaf Homp∆‚,X q, where Hom denotes the
internal Hom. Concretely,
Sing˚pX qn “ Homp∆n,Xnq.
Note that if X is a sheaf, then so is Sing˚pX q. There is a functorial morphism
X Ñ Sing˚pX q induced by XnpUq Ñ XnpU ˆ∆nq, which is an A
1-weak equiv-
alence. The functor Sing˚ takes A
1-fibrant objects to A1-fibrant objects and
takes A1-homotopic maps to simplicially homotopic maps.
Definition 2.9. Let F be a Nisnevich sheaf of sets on Sm{k, considered as
a simplicially constant sheaf in △opShpSm{kq. Define SpFq to be the sheaf
associated to the presheaf Spre given by
SprepUq :“
FpUq
σ0FpU ˆ A
1qσ1
,
for U P Sm{k, where σ0, σ1 : FpU ˆ A
1q Ñ FpUq are the maps induced by the
0- and 1-sections U Ñ U ˆA1, respectively (see Notation 2.2). Note that, even
if F is a sheaf, SprepFq need not be a sheaf. For any n ą 1, we inductively
define the sheaves
SnpFq :“ SpSn´1pFqq.
For any sheaf F , there exists a canonical epimorphism F Ñ SpFq. This gives
a canonical epimorphism
F Ñ limÝÑ
n
SnpFq.
Remark 2.10. It is clear from the definition of Sing˚pFq that
pi0pSing˚pFqqpUq “
FpUq
σ0FpU ˆ A
1qσ1
.
Thus, SpFq “ pis0pSing˚pFqq, for any sheaf F .
Remark 2.11. Let X be a smooth scheme over k and view it as a Nisnevich
sheaf of sets over Sm{k. The sheaf SpXq defined above (Definition 2.9) is none
other than the sheaf pich0 pXq of A
1-chain connected components of X introduced
by Asok and Morel [1, Definition 2.2.4]. We use S instead of pich0 in this paper
only for typographical reasons.
For smooth schemes over a field k, Asok and Morel have conjectured the
following (see [1, Conjecture 2.2.8]):
Conjecture 2.12. For any smooth scheme X over a field k, the natural epi-
morphism SpXq Ñ piA
1
0 pXq is an isomorphism.
Asok and Morel also mention that this would be true if one proves that
Sing˚pXq is A
1-local, for any smooth scheme X over k (see [1, Remark 2.2.9]).
However, in Section 4, we give examples of schemes for which this property and
Conjecture 2.12
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2.2. Remarks on Morel’s conjecture on A1-invariance of piA
1
0 pX q. In this
subsection, we use the sheaf of A1-chain connected components of a (Nisnevich)
sheaf F on Sm{k to construct a sheaf LpFq that is closely related to piA
1
0 pFq
and prove Theorem 1 stated in the introduction.
Theorem 2.13. For any sheaf of sets F on Sm{k, the sheaf
LpFq :“ limÝÑ
n
SnpFq
is A1-invariant.
Proof. It is enough to show that for every smooth k-scheme U , the map
LpFqpUq Ñ LpFqpU ˆ A1q
is surjective, since it is already injective because the projection map UˆA1 Ñ U
admits a section. Let t P LpFqpU ˆ A1q. Since the sheaf LpFq is a filtered
colimit, we have for each U P Sm{k
LpFqpUq “ limÝÑ
nPN
SnpFqpUq.
Thus, t is represented by an element tn of S
npFqpU ˆA1q for some n. We will
show that t is contained in the image of LpFqpUq by showing that the image
of tn in S
n`1pU ˆA1q is contained in the image of Sn`1pFqpUq. Let m denote
the multiplication map
U ˆA1 ˆ A1 Ñ U ˆ A1 ; pu, x, yq ÞÑ pu, xyq
Consider the element
m˚ptnq P S
npFqpU ˆ A1 ˆ A1q.
Then
σ˚1 ˝m
˚ptnq “ tn, and σ
˚
0 ˝m
˚ptnq “ p
˚ ˝ σ˚0 ptnq
where UˆA1
p
Ñ U is the projection. Thus, the image of tn in S
n`1pFqpU ˆA1q
is contained in the image of the map
Sn`1pFqpUq Ñ Sn`1pFqpU ˆA1q.
This proves the result. 
Remark 2.14. In view of Theorem 2.13, the canonical map F Ñ LpFq uniquely
factors through the canonical map F Ñ piA
1
0 pFq.
Remark 2.15. Note that LpFq satisfies the following universal property: any
map from a sheaf F to an A1-invariant sheaf uniquely factors through the
canonical map F Ñ LpFq. Recall that piA
1
0 also satisfies the same universal
property (Lemma 2.8) but is not known to be A1-invariant in general.
We now see how Theorem 2.13 gives us a reformulation of Morel’s conjecture
on the A1-invariance of the A1-connected components sheaf piA
1
0 .
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Lemma 2.16. Let F be a sheaf of sets on Sm{k, considered as an object of
△opShpSm{kq. The following are equivalent:
p1q The sheaf piA
1
0 pFq is A
1-invariant.
p2q The canonical map
piA
1
0 pFq Ñ LpFq
admits a retract.
Proof. p1q ñ p2q is straightforward by Remark 2.15 and the universal property
of piA
1
0 (Lemma 2.8). p2q ñ p1q follows since LpFq is A
1-invariant (Theorem
2.13) and since a retract of an A1-invariant sheaf is A1-invariant. 
Proposition 2.17. The following are equivalent:
p1q The sheaf piA
1
0 pX q is A
1-invariant, for all X P △opShpSm{kq.
p2q The canonical map piA
1
0 pX q Ñ pi
A1
0 ppi
s
0pX qq is an isomorphism, for all X P
△opShpSm{kq.
Proof. p1q ñ p2q : Consider the following commutative diagram with the natu-
ral morphisms
X // pis0pX q
//

piA
1
0 pX q
xxrrr
rr
rr
rr
r
piA
1
0 ppi
s
0pX qq
All the morphisms in the above diagram are epimorphisms (the right horizontal
map is an epimorphism by the unstable A1-connectivity theorem [8, §2, Corol-
lary 3.22]). Since piA
1
0 pX q is A
1-invariant by assumption, the map pis0pX q Ñ
piA
1
0 pX q has to uniquely factor through pi
A1
0 ppi
s
0pX qq, by the universal property
of piA
1
0 ppi
s
0pX qq. This gives an inverse to the map pi
A1
0 pX q Ñ pi
A1
0 ppi
s
0pX qq, by
uniqueness.
p2q ñ p1q : Let X be a space and let F :“ pis0pX q be the sheaf of (simpli-
cial) connected components of X . We are given that piA
1
0 pX q Ñ pi
A1
0 pFq is an
isomorphism. We will prove that piA
1
0 pFq is A
1-invariant. We have a natural
map
SpFq “ pis0pSing˚pFqq Ñ pi
A1
0 pSing˚pFqq » pi
A1
0 pFq.
By Remark 2.10, we have
S2pFq “ Sppis0pSing˚pFqqq “ pi
s
0pSing˚pi
s
0pSing˚pFqqq,
whence we have a map S2pFq Ñ piA
1
0 pSing˚pi
s
0pSing˚pFqqq. But hypothesis p2q
implies that
piA
1
0 pSing˚pi
s
0pSing˚pFqqq » pi
A1
0 ppi
s
0pSing˚pFqqq » pi
A1
0 pSing˚pFqq » pi
A1
0 pFq.
The composition of these maps gives a natural map S2pFq Ñ piA
1
0 pFq, which
makes the following diagram commute, where the maps are the ones defined
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above.
SpFq
$$❍
❍❍
❍❍
❍❍
❍❍
// S2pFq
zz✉✉
✉✉
✉✉
✉✉
✉
piA
1
0 pFq
Continuing in this way, we obtain a compatible family of maps SipFq Ñ piA
1
0 pFq,
for each i, giving a retract LpFq Ñ piA
1
0 pFq. Lemma 2.16 now implies that
piA
1
0 pFq is A
1-invariant, proving p1q. 
These results immediately give a description of the A1-connected compo-
nents sheaf piA
1
0 pX q for a simplicial sheaf of sets X on Sm{k, provided Morel’s
conjecture is true.
Corollary 2.18. Suppose Conjecture 2.5 is true. Let X be a simplicial sheaf
of sets on Sm{k and let F :“ pis0pX q. Then the canonical maps
piA
1
0 pX q Ñ pi
A1
0 pFq Ñ LpFq
are isomorphisms.
3. A1-connected/chain-connected components of schemes
3.1. Sections of piA
1
0 pXq over finitely generated field extensions of k.
The aim of this subsection is to give a proof of Theorem 2 stated in the intro-
duction. The strategy is the one suggested by Theorem 2.13: we shall prove
that for a proper scheme X over k, SpXqpSpecLq “ S2pXqpSpecLq, for every
field extension L of k.
Let F be any sheaf of sets on Sm{k. In order to address the question of A1-
invariance of SpFq, we need to obtain an explicit description for the elements
of the set SpFqpUq where U is a smooth scheme over k. We will then specialize
to the case when F is represented by a proper scheme X over k.
As before, for any scheme U over k, we let σ0 and σ1 denote the morphisms
U Ñ U ˆA1 given by u ÞÑ pu, 0q and u ÞÑ pu, 1q, respectively.
Definition 3.1. Let F be a sheaf of sets over Sm{k and let U be a smooth
scheme over k.
(1) An A1-homotopy of U in F is a morphism an element h of FpUˆA1kq. We
say that t1, t2 P FpUq are A
1-homotopic if there exists an A1-homotopy
h P FpU ˆ A1q such that σ˚0 phq “ t1 and σ
˚
1 phq “ t2q.
(2) An A1-chain homotopy of U in F is a finite sequence h “ ph1, . . . , hnq
where each hi is an A
1-homotopy of U in F such that σ˚1 phiq “ σ
˚
0 phi`1q
for 1 ď i ď n´ 1. We say that t1, t2 P FpUq are A
1-chain homotopic if
there exists an A1-chain homotopy h “ ph1, . . . , hnq such that σ
˚
0 ph1q “
t1 and σ
˚
1 phnq “ t2.
Clearly, if t1 and t2 are A
1-chain homotopic, they map to the same element
of SpFqpUq. The converse is partially true - if t1, t2 P FpUq are such that
they map to the same element in SpFqpUq, then there exists a Nisnevich cover
V Ñ U such that t1|V and t2|V are A
1-chain homotopic.
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Now we explicitly describe the sections of SpFq. Let t P SpFqpUq. Since
F Ñ SpFq is an epimorphism of sheaves, there exists a finite Nisnevich cover
V Ñ U such that t|V can be lifted to s P FpV q. Let pr1, pr2 : V ˆU V Ñ V
be the two projections. Then, since the two elements pr˚i psq map to the same
element in SpFqpV ˆU V q, there exists a finite Nisnevich cover W Ñ V ˆU V
such that pr˚1 psq|W and pr
˚
2 psq|W are A
1-chain homotopic. Conversely, given
a finite cover V Ñ U and an element s of FpV q such that pr˚1 psq and pr
˚
2 psq
become A1-chain homotopic after restricting to a Nisnevich cover of V ˆU V ,
we can obtain a unique element t of SpFqpUq.
Applying the same argument to to the sections of SpFq over A1U , we are led
to define the notion of an A1-ghost homotopy.
Definition 3.2. Let F be a sheaf of sets and let U be a smooth scheme over
k. An A1-ghost homotopy of U in F consists of the data
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, h, hW q
which is defined as follows:
(1) V Ñ A1U is a Nisnevich cover of A
1
U .
(2) W Ñ V ˆA1
U
V is a Nisnevich cover of V ˆA1
U
V .
(3) h is a morphism V Ñ F .
(4) hW is an A1-chain homotopy connecting the two morphisms W Ñ
V ˆA1
U
V
priÑ V Ñ F where pr1 and pr2 are the projections V ˆA1
U
V Ñ V .
(Thus hW is a finite sequence phW1 , . . .q of A
1-homotopies satisfying the
appropriate conditions as given in Definition 3.1.)
Let t1, t2 P FpUq. We say that H connects t1 and t2 (which are then said to be
A
1-ghost homotopic) if the morphisms σ0, σ1 : U Ñ A
1
U admit lifts rσ0 : U Ñ V
and rσ1 : U Ñ V such that h ˝ rσ0 “ t1 and h ˝ rσ1 “ t2.
By the discussion above, a homotopy in SpFq gives rise (non-uniquely) to a
ghost homotopy in F . On the other hand, a ghost homotopy in F gives rise to
a unique homotopy in SpFq. Also, if t1, t2 are A
1-ghost homotopic elements
of FpUq, then it is clear that their images in SpFqpUq are A1-homotopic. The
converse is partially true – if rt1, rt2 P SpFqpUq are A1-homotopic, then they have
preimages t1, t2 P FpUq which become A
1-ghost homotopic over some Nisnevich
cover of U . In general, if H is an A1-ghost homotopy of U , it is possible that
there may not exist two elements t1, t2 P FpUq which are connected by H.
This is because the lifts rσ0 and rσ1 may not exist until we pass to a Nisnevich
cover of U . However, if U is a smooth Henselian local scheme over k, then the
morphisms rσ0 and rσ1 do exist and thus there exist preimages of rt1 and rt2 which
are A1- ghost homotopic.
From the above discussion, we obtain the following obvious lemma:
Lemma 3.3. Let F be a sheaf of sets over Sm{k. Then, SpFq “ S2pFq if and
only if for every smooth Henselian local scheme U , if t1, t2 P FpUq are A
1-ghost
homotopic, then they are also A1-chain homotopic.
The rest of this subsection is devoted to the proof of Theorem 2. We introduce
the concept of almost proper sheaves (see Definition 3.6 below), which we shall
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find helpful while handling the iterations of the functor S, for the purposes of
this paper.
Notation 3.4. Let Z be a variety over k and let x be a point of Z. Let kpxq “
OZ,x{mx be the residue field at x. The quotient homomorphism OX,x Ñ kpxq
induces a morphism Spec pkpxqq Ñ Spec pOZ,xq Ñ Z which will also be denoted
by x : Spec pkpxqq Ñ Z.
Let F be a sheaf of sets and let Z be a variety over k. Let s1, s2 P FpZq.
We will write s1 „0 s2 if for any point x of Z, the morphisms s1 ˝ x, s2 ˝ x :
Spec pkpxqq Ñ F are identical.
Remark 3.5. In Notation 3.4, the extension kpxq{k may have positive tran-
scendence degree. For instance, this may happen when U is a smooth, ir-
reducible scheme of dimension ě 1 over k and x is the generic point of U .
Then Spec pkpxqq is viewed as an essentially smooth scheme over k and the set
FpSpec pkpxqq is the direct limit
FpSpec pkpxqq :“ limÝÑ
U 1
FpU 1q
where U 1 varies over all the open subschemes of U . Thus any morphism
Spec pkpxqq Ñ F can be represented by a morphism U 1 Ñ F where U 1 is some
open subscheme of U . In the following discussion, we will also have to consider
morphisms of the form A1
kpxq Ñ F . Such a morphism can be represented by a
morphism A1U 1 Ñ F where U
1 is an open subscheme of U .
Definition 3.6. Let F be a sheaf of sets over Sm{k. We say that F is almost
proper if the following two properties hold:
(AP1) Let U be a smooth, irreducible variety of dimension ď 2 and let s : U Ñ
F be any morphism. Then there exists a smooth projective variety U , a
birational map i : U 99K U and a morphism s : U Ñ F which “extends
s on points”. By this we mean that if U 1 is the largest open subscheme
of U such that i is represented by a morphism i1 : U 1 Ñ U , then we
have s ˝ i1 „0 s|U 1 .
(AP2) Let U be a smooth, irreducible curve over k and let U 1 be an open
subscheme. Suppose we have two morphisms s1, s2 : U Ñ F such that
s1|U 1 “ s2|U 1 . Then s1 „0 s2.
It is clear that a proper scheme over k represents an almost proper sheaf.
Thus, in order to prove Theorem 2 in the introduction, it will suffice to prove
that if F is an almost proper sheaf, then SpFqpKq “ SnpFqpKq for any finitely
generated field extension K{k. This will be done in Theorem 3.9 below.
Lemma 3.7. Let F be an almost proper sheaf of sets on Sm{k. Let U be a
smooth curve, let x : Spec pkq Ñ U be a k-rational point on U and let U 1 be the
open subscheme Uztxu of U . Let f, g : U Ñ F be such that the morphisms f |U 1
and g|U 1 are A
1-chain homotopic. Then the morphisms f˝x, g˝x : Spec pkq Ñ F
are A1-chain homotopic.
Proof. First we prove the result in the case when f |U 1 and g|U 1 are simply A
1-
homotopic, i.e. there exists a morphism h : U 1 ˆ A1 Ñ F such that h|U 1ˆt0u “
f |U 1 and h|U 1ˆt1u “ g|U 1 .
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By (AP1), there exists a smooth proper surface X and a proper, birational
morphism i : U 1 ˆ A1 99K X and a morphism h : X Ñ F “extending h on
points”. As in Definition 3.6, we elaborate on the precise sense in which h
extends h. Suppose thatW is the largest open subscheme of U 1ˆA1 on which i
is defined. Then h ˝ i|W „0 h|W . Note that pU
1ˆA1qzW is a closed subscheme
of codimension 2. Thus there exists an open subscheme U2 Ă U 1 such that
U2 ˆ A1 Ă W . The curves U2 ˆ t0u and U2 ˆ t1u, which are contained in W ,
are mapped into X by i. The restrictions of i to these curves induce morphisms
t0, t1 : U Ñ X, where U is a smooth compactification of U . Since h˝i|W „0 h|W ,
we see that h˝t0|U2 „0 f |U2 and h˝t1|U2 „0 g|U2 . This implies that there exists
a Zariski open subset U3 of U2 such that h˝ t0|U3 “ f |U3 and h˝ t1|U3 “ g|U2 .
Thus, by (AP2), h˝t0˝x “ f ˝x and h˝t1˝x “ g˝x. Thus in order to show that
f ˝ x and g ˝ x are A1-chain homotopic, it suffices to show that t0 ˝ x and t1 ˝ x
are A1-chain homotopic in X. Since X is birational to U ˆP1, by resolution of
indeterminacy (see, for example, [4, Chapter II, 7.17.3]), there exists a smooth
projective surface rX and birational proper morphisms rX Ñ UˆP1 and rX Ñ X.
rX
{{①①
①①
①①
①①
①
❄
❄❄
❄❄
❄❄
❄
U ˆ P1 X
W
1 Q
cc●●●●●●●●●
i
>>⑦⑦⑦⑦⑦⑦⑦⑦
Let t0 : U Ñ U ˆ P
1 be the map that identifies U with the curve U ˆ tp0 : 1qu
and t1 : U Ñ U ˆ P
1 be the map that identifies U with the curve U ˆ tp1 : 1qu.
It is easy to see that there exist unique morphisms rt0,rt1 : U Ñ rX such that rt0
is a lift of both t0 and t0 and rt1 is a lift of both t1 and t1. This completes the
proof of the result when f |U 1 and g|U 1 are simply A
1-homotopic by [1, Lemma
6.2.9], since rt0 ˝ x and rt1 ˝ x are A1-chain homotopic.
Now, suppose f |U 1 and g|U 1 are A
1-chain homotopic. Thus, we have a se-
quence f0 “ f |U 1, . . . , fn “ g|U 1 where fi is A
1-homotopic to fi`1 for every i.
By (AP1), for each i, there exists a rfi : U Ñ F such that rfi|U 1 “ fi. Thus rfi ˝x
and rfi`1 ˝ x are A1-chain homotopic for every i. By (AP2), rf0 ˝ x “ f ˝ x andrfn ˝ x “ g ˝ x. 
Lemma 3.8. Let F be an almost proper sheaf. Then SpFq is also an almost
proper sheaf.
Proof. We first check condition (AP2). Thus, let U be a smooth curve and
let U 1 Ă U be an open subscheme. We assume that we have two morphisms
s1, s2 : U Ñ SpFq such that s1|U 1 “ s2|U 1 and prove that s1 „0 s2. Without any
loss of generality, we may assume that UzU 1 consists of a single closed point.
By a change of base, if necessary, we may assume that this point is k-rational,
that is, it is the image of a morphism x : Spec pkq Ñ U . We need to prove that
s1 ˝ x “ s2 ˝ x.
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The morphism φ : F Ñ SpFq is an epimorphism of sheaves. Thus, there
exists a smooth, irreducible curve C and an e´tale morphism p : C Ñ U such
that x can be lifted to a morphism c0 : Spec pkq Ñ C, (i.e. p ˝ c0 “ x) and such
that the morphisms p ˝ s1 and p ˝ s2 can be lifted to F . In other words, there
exist morphisms f, g : C Ñ F such that φ ˝ f “ s1 ˝ p and φ ˝ g “ s2 ˝ p. Since
s1|U 1 “ s2|U 1 , there exists a Nisnevich cover q : V Ñ U
1 such that q ˝ f and
q ˝ g are A1-chain homotopic. Let K denote the function field of C. Then the
canonical morphism η : Spec pKq Ñ F lifts to V . Thus the morphisms f ˝η and
g ˝ η are A1-chain homotopic. Thus, there exists an open subscheme C 1 Ă C
such that if i : C 1 ãÑ C is the inclusion, the morphisms f ˝ i and g ˝ i are A1-
chain homotopic. Applying Lemma 3.7, we see that f ˝ c0, g ˝ c0 : Spec pkq Ñ F
are A1-chain homotopic. Thus
s1 ˝ x “ s1 ˝ p ˝ c0 “ φ ˝ f ˝ c0 “ φ ˝ g ˝ c0 “ s2 ˝ p ˝ c0 “ s2 ˝ x
as desired. This shows that the sheaf SpFq satisfies the condition (AP2).
Now we check the condition (AP1). First suppose that U is a smooth, ir-
reducible variety of dimension ď 2 and we have a morphism s : U Ñ SpFq.
Since φ : F Ñ SpFq is surjective, there exists a Nisnevich cover p : V Ñ U of
such that the morphism s ˝ p lifts to F . Thus there exists an open subscheme
U 1 Ă U such that the morphism s|U 1 lifts to a morphism t : U
1 Ñ F . Apply-
ing the condition (AP1) for F , there exists a smooth projective variety U , a
birational map i : U 1 99K U and a morphism t : U Ñ F “extending” t. Let
U2 be the largest open subscheme of U 1 such that the rational map i can be
represented by a morphism i1 : U2 Ñ U . We know that t ˝ i1 „0 t|U2 .
We claim that φ ˝ t is the required morphism. We note that i1 defines a
rational map from U to U . Let U3 Ă U be the largest open subscheme of U
such that this rational map can be represented by a morphism i2 : U3 Ñ U .
So, we clearly have U2 Ă U3. We wish to prove that for any point x in U3, the
equality s ˝ x “ φ ˝ s ˝ i2 ˝ x holds.
When x P U2, we already know that s ˝ i1 ˝ x “ t|U2 ˝ x. Composing by φ,
we get that φ ˝ s ˝ i1 ˝ x “ φ ˝ t|U2 ˝ x. But φ ˝ t|U2 “ s|U2 . Thus we see that
φ ˝ t|U2 ˝ x “ s ˝ x. Since i
2|U2 “ i
1|U2 , we obtain the desired equality in this
case.
Thus we now assume that x P U3zU2. Since U2 is a dense open subscheme
of U , there exists a smooth curve D over k and a locally closed immersion j :
D Ñ U3 such that jpDq contains x and also intersects U2. (When dimpUq “ 1,
D will be an open subscheme of U .) Let z be the generic point of D. Then
we note that jpzq is a point of U2 with residue field kpzq. By what we have
proved in the previous paragraph, we know that s ˝ jpzq “ φ ˝ s ˝ i2 ˝ jpzq.
Thus there exists an open subscheme D1 of D such that j maps D1 into U2 and
s ˝ j|D1 “ φ ˝ s ˝ i
2 ˝ j|D1 . Since we have already verified (AP2) for SpFq, we
can conclude that s˝x “ φ˝s ˝ i2 ˝x. This completes the proof of the fact that
SpFq is almost proper. 
Theorem 3.9. Let F be an almost proper sheaf. Then for any field extension
K of k, SpFqpKq “ SnpFqpKq for any integer n ě 1.
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Proof. By a base change, we may assume that K “ k. Thus we need to prove
that if F is almost proper, we have SpFqpkq “ SnpFqpkq for all n ě 1. In view
of Lemma 3.8, it suffices to show that SpFqpkq “ S2pFqpkq.
Let φ denote the morphism of sheaves F Ñ SpFq. Let x and y be elements
of SpFqpkq and suppose there exists a morphism h : A1k Ñ SpFq such that
hp0q “ x and hp1q “ y. As φ is an epimorphism of Nisnevich sheaves, there
exists an open subscheme U of A1k such that h|U can be lifted to F , i.e. there
exists a morphism h1 : U Ñ F such that φ ˝ h1 “ h|U . By (AP1), there exists
a morphism h : P1k Ñ F which “extends h
1 on points”, i.e. if i : U Ñ P1k is the
composition U ãÑ A1k ãÑ P
1
k, for all points x of U , we have h ˝ i ˝ x “ h
1 ˝ x.
(Here we identify A1k with the open subscheme of P
1
k “ ProjpkrT0, T1sq given
by T1 ‰ 0.) Applying this to the generic point of U , we see that there exists an
open subscheme U 1 of U such that h ˝ i|U 1 “ h
1|U 1 . Since i is just the inclusion,
we may write this as h|U 1 “ h
1|U 1 .
Consider the morphism rh :“ φ ˝ h|A1
k
: A1k Ñ SpFq. We have the equalitiesrh|U 1 “ φ ˝ h1|U 1 “ h|U 1 . Thus, by (AP2), we see that rh „0 h. But this means
that x “ pφ ˝ hqpp0 : 1qq and y “ pφ ˝ hqpp1 : 1qq. In other words, x and y are
images under φ of two A1-homotopic morphisms from Spec pkq into F . But by
the definition of the functor S, this implies that x “ y. 
Corollary 3.10. If F is an almost proper sheaf of sets, the canonical surjection
SpF qpKq Ñ piA
1
0 pKq is a bijection, for any finitely generated field extension
K{k. In particular, this holds for any proper scheme X of finite type over k.
Proof. Theorem 3.9 and Theorem 2.13 together imply that
SpFqpKq Ñ LpFqpKq
is a bijection for all finitely generated field extensions K of k. The result now
follows by Remark 2.14. 
This completes the proof of Theorem 2 stated in the introduction.
3.2. The conjectures of Morel and of Asok-Morel for non-uniruled
surfaces. In this subsection, we show that Conjectures 2.5 and 2.12 hold for a
non-uniruled surface over a field k. In the case of non-uniruled surfaces, it turns
out that the condition in Lemma 3.3 is true even when dimpUq ą 0. The key
observation in this case is that the problem can be reduced to 1-dimensional
schemes. We begin by recalling the definition of a P1-bundle from [6, Chapter
II, Definition 2.5] which will used in the proof.
Definition 3.11. Let X be a scheme over k. We say that f : Y Ñ X is a
P
1-bundle if f is a smooth, proper morphism such that for every point x P X,
the fibre f´1pxq is a rational curve.
The following property of P1-bundles seems to be well-known to experts and
is mentioned without proof in [6, Chapter II, Definition 2.5]. We include a proof
here for the sake of completeness.
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Lemma 3.12. Let pi : E Ñ B be a smooth, projective morphism of varieties
over k such that for any point b P B, the fibre Eb is isomorphic to P
1
b . Then pi
is an e´tale-locally trivial fibre bundle.
Proof. First we consider the case that pi admits a section τ : B Ñ E. In this
case, E is isomorphic to PpEq where E is a rank 2 vector bundle over B. For the
proof of this statement, we refer to [4, Chapter V, Lemma 2.1, Proposition 2.2].
This result is proved there under the assumption that B is a smooth curve, but
the proof applies in general.
For the general case, we use the fact that the smooth, surjective morphism
pi has an e´tale-local section, i.e. there exists an e´tale cover V Ñ B and a B-
morphism V Ñ E. Then EV :“ E ˆB V Ñ V is also a smooth, projective
morphism with fibres isomorphic to P1. However, the B-morphism E Ñ V
induces a section V Ñ EV . Thus, by the special case given above, EV Ñ V
is a Zariski-locally trivial P1-fibre bundle. It follows that pi is an e´tale-locally
trivial P1-fibre bundle over B. 
Proposition 3.13. Let X be a reduced, separated 1-dimensional proper scheme
(possibly singular) over k. Then SpXq “ S2pXq.
Proof. Let U be a smooth Henselian local scheme over k. We will show that
SpXqpUq “ S2pXqpUq.
If X is smooth, it is a disjoint union of irreducible, smooth, projective curves
tCiuiPI where I is a finite set. We need to verify that SpCiqpUq “ S
2pCiqpUq for
every i P I. If Ci is not geometrically rational (i.e. rational over the algebraic
closure k of k), it is A1-rigid (see Definition 4.7) and thus SpCiq “ Ci. So, in
this case, SpCiqpUq “ S
2pCiqpUq as desired. If Ci is geometrically rational, it
is isomorphic to a smooth plane conic. Any morphism f : U Ñ Ci factors as
U
Γf
Ñ pCiqU :“ Ci ˆSpec pkq U Ñ Ci
where Γf is the graph of f . If the morphism pCiqU Ñ U has no section, then
clearly
SpCiqpUq “ S
2pCiqpUq “ H
which verifies our claim in this case. On the other hand, if there exists a
section for the morphism pCiqU Ñ U , then pCiqU Ñ U is a smooth, projective
morphism such that the fibre over any point u of U is isomorphic to P1u. (Recall
that a conic is isomorphic to P1 if and only if it admits a rational point over the
base field.) By Lemma 3.12, the morphism pCiqU Ñ U is an e´tale-locally trivial
P
1-bundle. As U is a Henselian local scheme, it is a trivial P1-fibre bundle.
Thus, in this case
SpCiqpUq “ S
2pCiqpUq “ ˚
as desired. Thus we have proved the lemma in case X is smooth.
Suppose now that X is not smooth. For any smooth irreducible scheme U
over k, any A1-homotopy or A1-ghost homotopy of U in X must factor through
the normalization of X if its image is dense and the result follows from the
smooth case. If the image of an A1-homotopy or A1-ghost homotopy of U is
not dense in X, then it is a single point and the result follows immediately. 
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Theorem 3.14. Let X be a proper, non-uniruled surface over k. Then we have
SpXq “ S2pXq.
Proof. Since X is not uniruled, we know (see [6], Chapter IV, 1.3) that for any
variety Z over k, if we have a rational map P1 ˆ Z 99K X, then either
(1) this rational map P1 ˆ Z 99K X is not dominant, or
(2) for every z P Z, the induced map P1z 99K X is constant.
It follows that if, for an essentially smooth scheme U over k, we have an A1-
homotopy U ˆ A1 Ñ X , then it is either the constant homotopy or it factors
through a 1-dimensional, reduced, closed subscheme of X. We will make use of
this observation in the following discussion.
Let U be a smooth, Henselian, local scheme over k. We will show that
SpXqpUq Ñ SpXqpU ˆA1q is a bijection. If dimpUq “ 0, this has already been
proved in Theorem 3.9. Thus we now assume that dimpUq ě 1.
We will use the notation of Definition 3.2 in the following arguments. So, let
H :“
´
V Ñ A1U ,W Ñ V ˆA1
U
V, h, hW
¯
be an A1-ghost homotopy of U in X connecting morphisms t1, t2 : U Ñ X. As
discussed before H determines an A1-homotopy rh : A1U Ñ SpXq. We will show
that either rh lifts to an A1-homotopy of U in X or that the given A1-ghost
homotopy factors through a 1-dimensional, reduced, closed subscheme of X.
We write V “
š
iPI Vi for some indexing set I where each Vi is irreducible.
We will denote the morphism h|Vi by hi. Also, we write
W “
ž
i,jPI
¨
˝ž
lPKij
W
ij
l
˛
‚
for indexing sets Kij depending on pairs i, j P I, so that each W
ij
l is irreducible
and
´š
lPKij
W
ij
l
¯
Ñ ViˆA1
U
Vj is a Nisnevich cover. For every pair i, j P I and
l P Kij , we have the sequence of morphisms
W
ij
l Ñ Vi ˆA1U
Vj Ñ Vi
hiÑ X.
In the following argument, we will use hi|W ij
l
(resp. hi|ViˆA1
U
Vj) to denote
the composition of the morphisms in this sequence starting from W ijl (resp.
Vi ˆA1
U
Vj).
As we observed, the fact that X is non-uniruled implies that the restrictions
of hW to W ijl for various i, j P I and l P Kij are either constant A
1-chain ho-
motopies or they factor through some 1-dimensional, reduced closed subscheme
of X. If the restrictions of hW to all the W ijk are constant for all i, j P I
and l P Kij , then we have hi|W ij
l
“ hj |W ij
l
for all choices of i, j and l. Since
the morphism
´š
lPKij
W
ij
l
¯
Ñ Vi ˆA1
U
Vj is an epimorphism, this implies that
hi|ViˆA1
U
Vj “ hj |ViˆA1
U
Vj . But this means that the morphisms hi give rise to a
morphism A1U Ñ X which lifts
rh : A1U Ñ SpXq. By the definition of SpXq, this
proves t1 “ t2.
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Thus we now assume that for some fixed i, j P I and some fixed l P Kij ,
the restriction of hW to W ijl is a non-constant A
1-chain homotopy. Hence, (2)
above cannot hold. We claim that in this case all the morphisms hi for i P I as
well as the A1-chain homotopy hW factor through some 1-dimensional, reduced,
closed subscheme of D of X. Once this is proved, the result will follow from
Proposition 3.13. Indeed, then we see that the t1, t2 : U Ñ X must factor
through D and, being connected by an A1-ghost homotopy within D, must also
be connected by an A1-chain homotopy in D. It now remains to prove the
existence of D.
The restriction of hW toW ijl must factor through some 1-dimensional, closed
subscheme of Cijl Ă X, by (1) above. In particular, the morphisms hi|W ij
l
and
hj |W ij
l
also factor through Cijl ãÑ X. As Vi and Vj are assumed to be irreducible
and since the morphisms W ijl Ñ Vi and W
ij
l Ñ Vj are dominant, both hi and
hj also factor through C
ij
l ãÑ X.
Now we consider any other index m P Kij . If the restriction of h
W to W ijm
is a non-constant A1-chain homotopy, the argument in the previous paragraph
shows that this A1-chain homotopy factors through some 1-dimensional, re-
duced, closed subscheme Cijm. On the other hand, if this A1-chain homotopy is
constant, it must factor through the variety Cijl obtained above and thus we
may define Cijm :“ C
ij
l . Taking the union C
ij :“
Ť
mPKij
C
ij
m, we see that hi, hj
and the restriction of hW to
š
mPKij
W
ij
m factor through Cij.
Now let i1 P I be any index. We claim that hi1 factors through some 1-
dimensional, reduced, closed subscheme Ci of X. For i1 “ i or j, we define
Ci
1
:“ Cij. For i1 ‰ i, j, we prove the claim by contradiction. Suppose that
hi1 does not factor through any 1-dimensional, reduced, closed subscheme of
X. First note that the scheme Vi ˆA1
U
Vi1 is non-empty since A
1
U is irreducible
and Vi, Vi1 are e´tale over A
1
U . Thus the scheme
š
mPKii1
W ii
1
m is non-empty. The
restriction of hW to
š
mPKii1
W ii
1
m cannot be the constant A
1-chain homotopy
since hi factors through a 1-dimensional subscheme of X while hi1 does not. But
then, by the argument in the previous paragraph, the fact that this A1-chain
homotopy is nonconstant implies that hi1 factors through some 1-dimensional,
reduced, closed subscheme of Cii
1
of X. This gives us a contradiction. Thus
for every index i1 P I, the morphism hi1 factors through some 1-dimensional,
reduced, closed subscheme Ci
1
of X.
Finally, we wish to prove that for any two indices i1, j1 P I, the restriction of
hW to
š
mPKi1j1
W
i1j1
m factors through some 1-dimensional, reduced, closed sub-
scheme of X. If this restriction is a non-constant A1-homotopy, the above ar-
gument gives us a 1-dimensional, reduced, closed subscheme Ci
1j1 of X through
which this homotopy must factor. If it is the constant homotopy, we note
that both hi1 and hj1 factor through C
i1 Y Cj
1
. Thus, the restriction of hW toš
mPKi1j1
W
i1j1
m must also factor through this subscheme.
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Now we may define D to be the scheme p
Ť
i,jPI C
ijq Y p
Ť
iPI C
iq. This com-
pletes the proof of the theorem. 
Corollary 3.15. Conjectures 2.5 and 2.12 hold for a proper, non-uniruled sur-
face over a field.
Remark 3.16. One can prove that SpXq » S2pXq, whenX is a rational surface
(or in fact, any rational variety) or a P1-bundle over a curve. However, for a
ruled surface X (over an algebraically closed base field of characteristic 0), one
can only prove that SpXqpUq » S2pXqpUq, where U is the Spec of a Henselian
discrete valuation ring. In fact, the conclusion of Theorem 3.14 is not true for
ruled surfaces (even over an algebraically closed base field of characteristic 0).
Indeed, if C is a curve of genus ą 0 and X is the blowup of P1 ˆ C at a single
closed point, then it is possible to show that SpXqpUq ‰ S2pXqpUq, for a two-
dimensional smooth Henselian local scheme U . This shows that SpXq ‰ S2pXq
in general, even for smooth projective surfaces. Surprisingly, for such ruled
surfaces X, one can prove that S2pXq » S3pXq. For details, see [9]. However,
our proof for these results involves a lot more effort and the techniques used
there substantially differ from the ones used in this paper. We do not include
it here since we can demonstrate this phenomenon in a much easier manner in
higher dimensions (see Section 4). The details about A1-connected components
of ruled surfaces will appear in a forthcoming paper [2].
Remark 3.17. Although the method of showing SpXq » S2pXq is insufficient
to address the question of the A1-invariance of piA
1
0 for an arbitrary smooth
projective variety X, it is interesting to examine the question of whether, for
any smooth projective variety X, the sequence of sheaves pSnpXqqně1 stabilizes
at some finite value of n. If it does, one may ask whether it stabilizes to piA
1
0 pXq,
since that is what is predicted by Morel’s conjecture (see Corollary 2.18).
4. Examples of schemes for which the conjectures of Asok-Morel
fail to hold
4.1. Examples of schemes whose Sing˚ is not A
1-local. The aim of this
subsection is to construct an example of a smooth, projective variety X over C
such that:
(i) SpXq ‰ S2pXq,
(ii) SpXq Ñ piA
1
0 pXq is not a monomorphism, and
(iii) Sing˚pXq is not A
1-local.
We will use a well-known characterization of Nisnevich sheaves, which we
will recall here for the sake of convenience.
For any scheme U , an elementary Nisnevich cover of U consists of two mor-
phisms p1 : V1 Ñ U and p2 : V2 Ñ U such that:
(a) p1 is an open immersion.
(b) p2 is an e´tale morphism and its restriction to p
´1
2 pUzp1pV1qq is an iso-
morphism onto Uzp1pV1q.
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Then a presheaf of sets F on Sm{k is a sheaf in Nisnevich topology if and only
if the morphism
FpUq Ñ FpV1q ˆFpV1ˆUV2q FpV2q
is an isomorphism, for all elementary Nisnevich covers tV1, V2u of U . If F is a
Nisnevich sheaf, the fact that this morphism is an isomorphism is an immediate
consequence of the definition of a sheaf. The converse (see [8, §3, Proposition
1.4, p.96] for a proof) is useful since it simplifies the criterion for checking
whether sections si P FpViq determine a section s P FpUq. Indeed, suppose pr1
and pr2 are the two projections V ˆUV Ñ V . Then we do not need to check that
the two elements pr˚1 ps1q and pr
˚
2 ps2q of FpV ˆU V q are identical. We merely
need to check that the images of s1 and s2 under the maps FpV1q Ñ FpV1ˆUV2q
and FpV2q Ñ FpV1 ˆU V2q respectively are identical.
Now suppose F is a sheaf of sets. Applying the above criterion to the sheaf
SpFq, we see that when we work with elementary Nisnevich covers, we can
construct morphisms A1U Ñ SpFq with only part of the data that is required
for an A1-ghost homotopy of U in F .
Lemma 4.1. Let F be a sheaf of sets over Sm{k. Let U be a smooth scheme
over k and let f, g : U Ñ F be two morphisms. Suppose that we are given data
of the form
ptpi : Vi Ñ A
1
UuiPt1,2u, tσ0, σ1u, th1, h2u, h
W q
where:
‚ The two morphisms tpi : Vi Ñ A
1
Uui“1,2 constitute an elementary Nis-
nevich cover.
‚ For i P t0, 1u, σi is a morphism U Ñ V1
š
V2 such that pp1
š
p2q ˝ σi :
U Ñ U ˆ A1 is the closed embedding U ˆ tiu ãÑ U ˆ A1,
‚ For i P t1, 2u, hi denotes a morphism Vi Ñ F such that ph1
š
h2q˝σ0 “
f and ph1
š
h2q ˝ σ1 “ g.
‚ Let W :“ V1 ˆA1
U
V2 and let pri : W Ñ Vi denote the projection mor-
phisms. Then hW “ ph1, . . . , hnq is a A
1-chain homotopy connecting
the two morphisms hi ˝ pri : W Ñ F .
Then, f and g map to the same element under the map FpUq Ñ piA
1
0 pFqpUq.
Moreover, Sing˚pFq is not A
1-local.
Proof. Choose a simplicially fibrant replacement Sing˚pFq Ñ X . We denote
by Hi the composition Vi
hiÑ F Ñ Sing˚pFq Ñ X , for i “ 1, 2. According to
the discussion preceding the statement of this lemma, the given data induces a
morphism ψ : A1U Ñ SpFq “ pi
s
0pX q.
The A1-homotopy hW connects hi|W for i “ 1, 2. Thus, by the definition of
Sing˚pFq, it gives rise to a simplicial homotopy h
s : ∆1 Ñ X pW q connecting
Hi for i “ 1, 2. Thus we have the following diagram (where ˚ denotes the point
sheaf)
˚ //

X pV2q

∆1 //
D
<<②
②
②
②
②
X pW q
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where the upper horizontal arrow maps ˚ to H2. SinceW “ V2zpUˆpi
´1p0qq Ñ
V2 is a cofibration, the morphism X pV2q Ñ X pW q of simplicial sets is a fibration.
Thus the dotted diagonal lift exists in the above diagram.
Thus we see that we can find a morphism H 1 : V2 Ñ X such that:
(1) h1 and h2 induce the same morphism V2 Ñ pi
s
0pX q (since they are sim-
plicially homotopic in X pV2q), and
(2) H 1|W “ H1|W .
Since X is a sheaf, the following diagram is cartesian:
X pA1U q
//

X pV2q

X pV1q // X pW q.
Thus, H1 and H
1 can be glued to give an element of X pA1U q which we can think
of as a morphism rψ : A1U Ñ X . Clearly, this lifts ψ, as can be checked by
restriction to the Nisnevich cover tV1, V2u.
It is easily seen that the morphisms that rψ connects are simplicially chain
homotopic to the morphisms rf and rg. Thus we see that the morphisms rf andrg are simplicially chain homotopic. From the explicit construction of the A1-
fibrant replacement functor LA1 given in [8], we see that the two morphisms
U Ñ LA1pFq obtained by composing f and g with the canonical morphism
F Ñ LA1pFq are simplicially homotopic. Therefore, f and g map to the same
element of piA
1
0 pFqpUq. Consequently, X (and hence, Sing˚pFq) is not A
1-
local. 
Convention 4.2. We will refer to the data of the form
ptpi : Vi Ñ A
1
UuiPt1,2u, tσ0, σ1u, th1, h2u, h
W q
as in Lemma 4.1 by an elementary A1-ghost homotopy.
We now proceed to the construction of the schemes satisfying properties (i)-
(iii) stated at the beginning of the section.
Construction 4.3. To clarify the idea behind this construction, we first con-
struct a non-proper, singular variety satisfying (i)-(iii). Later (in Construction
4.5), we will modify this example suitably to create an example of a smooth,
projective variety over C which will also satisfy (i)-(iii).
(1) Let λi P Czt0u for i “ 1, 2, 3. Let E Ă A
2
C
be the affine curve cut out by
the polynomial y2 ´
ś
ipx´ λiq. Let pi : E Ñ A
1
C
denote the projection
onto the x-axis.
(2) Let S1 and S2 be the closed subschemes of A
3
C
cut out by the polynomials
y2 “ t2
ś
ipx´λiq and y
2 “
ś
ipx´λiq respectively. Let f : S2 Ñ S1 be
the morphism corresponding to the homomorphism of coordinate rings
given by x ÞÑ x, y ÞÑ yt and t ÞÑ t.
(3) Let α0 be a square-root of ´λ1λ2λ3 so that the point p0, α0q is mapped
to the point x “ 0 under the projection pi. Let p0, p1 and q denote the
points p0, 0, 0q, p0, α0, 1q and p1, 0, 0q of S1.
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(4) Consider the morphism A1
C
Ñ S2 given by s ÞÑ p0, α0, sq for s P A
1
C
.
Composing this morphism with f , we obtain a morphism A1
C
Ñ S1, the
image is a closed subscheme of S1 which we denote by D.
Now let S Ă A3
C
be the scheme S1ztp0u. We claim that S satisfies condition
(i) above. We claim that any morphism h : A1
C
Ñ S such that p1 lies in the
image of h is constant. To see this, first observe that this is obvious if the image
of h is contained completely inside Dztp0u (since any morphism from A
1
C
into
A
1
C
zt0u is a constant morphism). If this is not the case, note that the morphism
f : S2 “ E ˆ A
1
C
Ñ S1 is an isomorphism outside the locus of t “ 0. Hence,
h induces a rational map A1
C
99K E, which can be completed to a morphism
P
1
C
Ñ E, where E denotes a projective compactification of E. This has to be
a constant morphism by the Hurwitz formula, since the genus of E is greater
than that of P1
C
. Thus, there is no non-constant morphism A1
C
Ñ S having p1
in its image. Thus we see that p1 and q are not connected by an A
1- chain
homotopy. However, we claim that they map to the same element in S2pSqpCq.
To construct an elementary A1-ghost homotopy, we first construct a Nis-
nevich cover of A1
C
. We observe that pi is e´tale except at the points where x “ λi,
i “ 1, 2, 3. Now we define V 1 “ A
1
C
zt0u and V 2 “ pi
´1pA1
C
ztλ1, λ2, λ3uq Ă E.
The morphism V 1 Ñ A
1
C
is the inclusion and the morphism V 2 Ñ A
1
C
is simply
pi|V 2 . As λi ‰ 0 for all i, we see that this is an elementary Nisnevich cover of
A
1
C
. We define W :“ V 2zpi
´1p0q and observe that V 1 ˆA1
C
V 2 –W . In order to
give an elementary A1-ghost homotopy in S using this Nisnevich cover, we will
now define morphisms hi : V i Ñ S and a morphism h
W : W ˆ A1 Ñ S, which
is a homotopy connecting ppi ˝ h1q|W and pi ˝ h2|W .
We define h1 : V 1 Ñ S by s ÞÑ ps, 0, 0q for s P A
1
C
and h2 : V 2 Ñ S by
pα, βq ÞÑ pα, β, 1q for pα, βq P V 2. To define h
W , we first identify S2 with
EˆA1 and define hW to be f |WˆA1 (recall that W Ă V 2 Ă E). It is clear that
the the C-valued points p1 and q are mapped to the same element in S
2pSqpCq.
This shows that the surface S satisfies the condition (i) listed above.
We have thus obtained the dataˆ
V 1
ž
V 2 Ñ A
1
U ,W Ñ V 1 ˆA1
U
V 2, h1
ž
h2, h
W
˙
,
which satisfies the hypotheses of Lemma 4.1, which proves that S satisfies (ii)
and (iii).
The following lemma is the key tool in creating a smooth example that sat-
isfies (i) - (iii) stated at the beginning of the section:
Lemma 4.4. Let k be a field and let S be an affine scheme over k. Then there
exists a closed embedding of S into a smooth scheme T over k such that for any
field extension L{k, if H : A1L 99K T is a rational map such that the image of
H meets S, then H factors through S ãÑ T .
Proof. Choose an embedding of S into Ank for some n and suppose that as a
subvariety of Ank , S is given by the ideal xf1, . . . , fry Ă krX1, . . . ,Xns. Then
the polynomials fi define a morphism f : A
n Ñ Ar such that S is the fibre
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over the origin. Now let g : C Ñ A1k be an e´tale morphism such that C is a
curve of genus ě 1 and the preimage of the origin consists of a single k-valued
point c0 of C. Then this gives us an e´tale morphism g
r : Cr Ñ Ar such that
the preimage of the origin is the point pc0, . . . , c0q. Let T “ A
n
k ˆf,Ark,gr C
r. It
is clear that T Ñ Ank induces an isomorphism over S. We claim that T is the
desired scheme.
Let L{k be a field extension and let H : A1L 99K T be a rational such that
the image of H meets the preimage of S in T . Since C has genus ě 1, the
Hurwitz formula implies that any rational map A1L 99K C is constant. Thus, the
composition of H with the projection T Ñ Cr factors through pc0, . . . , c0q. It
follows from this that H factors through S, which is the preimage of pc0, . . . , c0q
in T . 
Construction 4.5. We now construct a smooth and projective variety X over
C satisfying the conditions (i)-(iii) listed at the beginning of this subsection:
(1) Using Lemma 4.4, we construct a scheme T such that S1 Ă T as a closed
subscheme and such that for any field extension L{C, if H : A1L Ñ T is
a morphism such that the image of H meets S1, then H factors through
S1.
(2) Let T c Ą T be a smooth, projective compactification of T .
(3) Let C be a smooth, projective curve over C of genus ą 0. Let c0 be a
C-valued point of C. Let R “ OhC,c0 and let U “ Spec pRq. Let u be
the closed point of U . Let γ : U Ñ C be the obvious morphism.
(4) Let p2 by any closed point of Dztp0, p1u (see Construction 4.3, (4)). Let
X be the blowup of C ˆ T c at the points pc0, p0q (see Construction 4.3,
(3)) and pc0, p2q.
(5) For any C valued point p : Spec pCq Ñ T c of T c, let θp be the induced
morphism γ ˆ p : U “ U ˆ Spec pCq Ñ C ˆ T c. Note that θp is a lift of
γ to C ˆ T c with respect to the projection C ˆ T c Ñ C.
(6) Let ξp1 and ξq denote the lifts of θp1 and θq to X (which exist and are
unique).
We claim that ξp1 and ξq are connected by an elementary A
1-ghost homotopy.
To prove this, we construct an elementary A1-ghost homotopy connecting θp1
and θq which lifts to X. This is done by simply taking the product of the
morphism γ : U Ñ C with the elementary A1-ghost homotopy of Spec pCq in
S Ă T c which we constructed above. In other words, we define Vi “ U ˆ V i
and W “ U ˆ W . We define hi :“ γ ˆ hi : Vi “ U ˆ V i Ñ C ˆ T
c and
define hW :“ γ ˆ hW : W ˆ A1 “ U ˆW Ñ C ˆ T c. (Here we have abused
notation by viewing hi and h
W as morphisms into T c rather than as morphisms
into S Ă T c.) We observe that W – V1 ˆA1
U
V2 and we have constructed an
elementary A1-ghost homotopy H of U in C ˆ T c. Since this elementary A1-
ghost homotopy factors through the complement of the the points pc0, p0q and
pc0, p2q, it lifts to an elementary A
1-ghost homotopy rH of U in X and connects
ξp1 and ξq.
We now claim that ξp1 and ξq are not A
1-chain homotopic. For this it will
suffices to show that if ξp1 is A
1-homotopic to any ξ : U Ñ X, then ξpuq “
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ξp1puq. Projecting this A
1-homotopy down to C ˆ T c, we see that it suffices
to prove that if h is an A1-homotopy of U in C ˆ T c which lifts to X and if
σ0 ˝ h “ θp1 , then h maps the closed fibre A
1
C
Ă A1U to θp1puq.
Let D be the closure of D (see Construction 4.3, (4)) in C ˆ T c. We see by
Construction 4.5, (4) that D is the only rational curve through the point θp1puq.
We claim that any A1-homotopy h of U in C ˆ T c such that h ˝ σ0 “ θp1 must
map A1
C
Ă A1U into D. Indeed, this follows immediately from the fact that the
composition of this A1-homotopy with the projection pr1 : C ˆ T
c Ñ C must
be the constant homotopy (since C is A1-rigid). In fact, it is easy to see that
pr1 ˝ h must factor through γ.
Now we claim that the image of h|A1
C
does not contain the point p0. Indeed,
if it were to contain this point, since h can be lifted to X, the preimage of
p0 under h would be a non-empty, codimension 1 subscheme of A
1
U which is
contained in A1
C
Ă A1U . Thus it would be equal to A
1
C
. Since h˝σpuq “ p1 ‰ p0,
this is impossible. Thus, we see that the image of h|A1
C
does not contain p0. By
the same argument it does not contain p2.
However, a morphism from A1
C
into a rational curve which avoids at least
two points on the rational curve must be a constant (since Gm is A
1-rigid).
Thus h|A1
C
is a constant. This completes our proof of the claim that ξq and ξp1
are not A1-chain homotopic. Thus, we have now proved that X satisfies the
property (i) listed above. Lemma 4.1 implies that it also satisfies property (ii).
If Sing˚pXq were A
1-local, the morphism SpXq :“ pis0pSing˚pXqq Ñ pi
A1
0 pXq
would be an isomorphism. Thus X also satisfies property (iii).
Remark 4.6. Note that this method can be used to prove that Sing˚pXq is
not A1-local for any scheme X for which the following holds: there exists a
smooth Henselian local scheme U and two morphisms f, g : U Ñ X, which are
not A1-chain homotopic and are such that there exists an A1-ghost homotopy
connecting f to g that is defined on an elementary Nisnevich cover of A1U . Such
a scheme X is obviously a counterexample to SpXq » S2pXq and hence, also a
counterexample to Conjecture 2.12 of Asok and Morel.
4.2. Example showing that piA
1
0 is not a birational invariant. We end
this paper by noting a counterexample to the birationality of piA
1
0 of smooth
proper schemes over a field k.
Definition 4.7. A scheme X P Smk is said to be A
1-rigid, if for every U P Smk,
the map
XpUq ÝÑ XpU ˆ A1q
induced by the projection map U ˆ A1 Ñ U is a bijection.
Since schemes are simplicially fibrant objects, by [8, §2, Lemma 3.19], it
follows that A1-rigid schemes are A1-fibrant objects. Thus, if X P Sm{k is
A
1-rigid, then for any U P Sm{k the canonical map XpUq Ñ HomHpkqpU,Xq is
a bijection. Consequently, the canonical map X Ñ piA
1
0 pXq is an isomorphism
of Nisnevich sheaves of sets.
24 CHETAN BALWE, AMIT HOGADI, AND ANAND SAWANT
Example 4.8. Let X be an abelian variety of dimension at least 2. Since X is
an A1-rigid scheme, piA
1
0 pXq » X, as noted above. Now, blow up X at a point
to get another scheme Y . Then the blow-up map Y Ñ X is a birational proper
map which induces a map piA
1
0 pY q Ñ pi
A1
0 pXq. If pi
A1
0 is a birational invariant,
then piA
1
0 pY q Ñ pi
A1
0 pXq must be an isomorphism. However, Y Ñ pi
A1
0 pY q
is an epimorphism, implying that the map Y Ñ X is an epimorphism (in
Nisnevich topology). But a blow-up cannot be an epimorphism in Nisnevich
topology, unless it is an isomorphism. Indeed, if Y Ñ X is an epimorphism,
it would admit a Nisnevich local section, which in turn, would imply that it
is an isomorphism, Y Ñ X being a birational proper morphism. This is a
contradiction. Consequently, piA
1
0 pXq cannot be a birational invariant of smooth
proper schemes.
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